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MODULI OF CURVES AND SPIN STRUCTURES
VIA ALGEBRAIC GEOMETRY

GILBERTO BINI AND CLAUDIO FONTANARI

ABSTRACT. Here we investigate some birational properties of two collections
of moduli spaces, namely moduli spaces of (pointed) stable curves and of
(pointed) spin curves. In particular, we focus on vanishings of Hodge numbers
of type (p,0) and on computations of Kodaira dimension. Our methods are
purely algebro-geometric and rely on an induction argument on the number of
marked points and the genus of the curves.

1. INTRODUCTION

In the last decade, ideas from physics have reinvigorated the interest in moduli
spaces. As a consequence, the problem of investigating their geometry has become
more and more intriguing. Usually, such spaces parametrize (pointed) genus g
complex curves with, possibly, extra structures defined on C, such as a morphism
to a fixed variety or a spin structure. Moreover, they may usually be viewed
as objects in different categories, specifically as stacks, orbifolds, or Q-factorial
projective schemes.

In the present paper, we focus on two classical moduli spaces, namely ﬂg,n and
gg’n. We recall that the former one parametrizes n-pointed genus ¢ stable curves
and the latter one parametrizes n-pointed quasi-stable curves C' of genus g with a
line bundle whose second tensor power is isomorphic to the dualizing sheaf w¢; see
Section [3 for precise definitions. Throughout, we regard them as projective normal
varieties over the field of complex numbers.

It is impossible to condense in a short paragraph all the various results and open
problems in connection with these two varieties. We refer the reader to, for instance,
[10], [11], [21I] and the references cited therein. We just mention here that some
birational invariants of Mg’n are only conjecturally known, such as the Kodaira
dimension of Mg, 17 < g < 23, or partially computed, such as (p,0)-type Hodge
numbers (cf. [13], [14], [15], and [27]). Furthermore, little is known about Sy ,,. As
a finite ramified covering of ﬂg,n, its geometry is even more complicated. Recent
results on the topology and the rational cohomology can be found, for example, in
[, [8, [9], [19], [20]. For a different, stack-theoretic approach see [I], [23], [24].

As shown by Enrico Arbarello and Maurizio Cornalba in [3], a purely algebro-
geometric investigation of ﬂg,n becomes more natural when the whole collection
of ﬂg,n’s, and specific morphisms among them, is taken into account. By an
elementary double induction argument, it is thus possible to prove various results
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on the rational cohomology of these spaces; see [I7], [I8] for related results which
had been previously known via other methods.

Here we apply a similar induction argument to ﬂg,n and ggyn. As a result,
in Section [2 we derive some vanishings of Hodge numbers of type (p,0) for ﬂg)n.
Next, in Section Bl we describe the rational Picard group of S, ,, and, as a corollary
of [20], we determine generators and relations in the case g > 9, n = 0. In Section[d]
we compute the Kodaira dimension of spin moduli spaces in several cases and leave
the other ones as open questions, which we hope to address in the future with
different methods. To carry through some of these calculations, we also compute
the Kodaira dimension of ﬂl,n.

2. (p,0) HODGE NUMBERS OF MODULI SPACES OF STABLE CURVES

In [3], Enrico Arbarello and Maurizio Cornalba proved the vanishing of some
odd cohomology groups of Mg,n. They applied an inductive method that reduces
the problem to checking such vanishings for finitely many values of g and n in each
odd degree k. Unfortunately, if & > 11 the inductive machinery does not work.
Indeed, it is well known (see, for instance, [27], proof of Corollary 4.7, or [15],
Proposition 2) that h'10(Mj 11) # 0, where h?4(M,, ,,) = dim HP9(M, ,,) denote
the Hodge numbers of M ,. On the other hand, from the results of [3] it follows
that h”’o(mg,n) =0 for p=1,3,5. Here we complete the picture by showing that
there are no non-zero p holomorphic forms on Mg’n for 0 < p < 11. Precisely, the
following holds.

Theorem 1. Let g and n be non-negative integers, n > 2—2g. If0 <p <11, then
hP0(My,,,) = 0.

Proof. Let us consider the long exact sequence of cohomology with compact sup-
ports:
c— HY (M) — HY (M, ) — HY(OM,,) — .. ..

From [18] we get the following vanishings of H¥ (M, ,):

n—4 ifg=0,

kE<d(g,n)=¢ 29—2 ifn=0,
29—3+n ifg>0,n>0.
Since the morphism
H* (Mgm) - Hk(amgm)

is compatible with the Hodge structures (see [3], p. 102), there is an injection
(1) HPO(My,,) — HP*(OM,,,)

for p < d(g,n).

As is well known, each irreducible component of 8mg7n is the image of a map
from My_1, 42 or Mp q11 X My_ppi1, where 0 < h < g, a+b = n, and both
2h —1+a and 2(g — h) — 1+ b are positive. By an analogue of Lemma (2.6) in [3],
the map

(2) Hp’o(mg,n) - Hp’o(mg—l,n+2) D @ Hp’o(mh7a+l X mg—h,b+1)
h,a
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is injective whenever the map () is, and by the Kiinneth formula, the right-hand
side of (@) involves only moduli spaces M,/ such that either ¢ < g or n’ < n.
Hence the case p < d(g,n) follows from a double induction argument on g and n.

In order to conclude, it suffices to check that hP»O(Mg,n) = 0 for every p >
d(g,n). This is in fact the base of the previous induction. When g = 0, the space
Mo, is rational [25], so there is nothing to check. If g = 1, we are dealing with
Mlm for n < 10. As shown in [5], all these spaces are rational, so the base of the
induction holds true. Finally, when g > 2 and p > d(g,n), Mgm is a unirational
variety; see [26], Theorem 7.1. Hence, from a dominant rational map

P393t s M,
we get an injective morphism
HPO (M) = HP OB+

(as in [16], p. 494), and we have hP:?(P39=3+7") = ( for every p > 0 (see for instance
[16], Corollary on p. 118). Thus the claim is completely proved. O

3. THE RATIONAL PICARD GROUP OF SPIN MODULI SPACES

The moduli space S, of smooth spin curves is a classical object, which parame-
trizes pairs given by (smooth genus g complex curve C, and theta-characteristic on
C). Since it is a non-trivial covering of My, a priori its geometry is much more
complicated. However, John Harer in [I9] and [20] succeeded in applying to Sy his
approach to the cohomology of moduli spaces via geometric topology. Furthermore,
in [§] and [9], Maurizio Cornalba constructed a geometrically meaningful compact-
ification §g of 4. Here we determine Pic(ggm) ® Q and give explicit generators
and relations. For the reader’s convenience we recall some basic definitions.

Let X be a Deligne-Mumford semistable curve and let E be a complete, irre-
ducible subcurve of X. FE is said to be ezxceptional when it is smooth, rational,
and meets the other components in exactly two points. Moreover, X is said to be
quasi-stable when any two distinct exceptional components of C' are disjoint. In
the sequel, X will denote the subcurve X \ U E; obtained from X by removing all
exceptional components.

A spin curve of genus g (see [§], §2) is the datum of a quasi-stable genus g
curve X with an invertible sheaf (x of degree g — 1 on X and a homomorphism of
invertible sheaves

2
ax (¥ — wx

such that

(i) ¢x has degree 1 on every exceptional component of X;

(ii) ax is not zero at a general point of every non-exceptional component of X.
Therefore, ax vanishes identically on all exceptional components of X and induces
an isomorphism

~ 2
ax : Cg? |)~( — Wx.
In particular, when X is smooth, (x is just a theta-characteristic on X.
Two spin curves (X, (x,ax) and (X', (x/,ax’) are isomorphic if there are iso-

morphisms ¢ : X — X’ and 7 : 0*({%) — (x such that 7 is compatible with the
natural isomorphism between oc*(wx) and wx.
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A family of spin curves is a flat family of quasi-stable curves f : X — S with an
invertible sheaf (y on X and a homomorphism
ayf . C?z — Wy

such that the restriction of these data to any fiber of f gives rise to a spin curve.

Two families of spin curves f : X — S and f' : X’ — S are isomorphic if there
are isomorphisms o : X — X’ and 7 : 0*((y/) — (s such that f = f'oo and 7
is compatible with the natural isomorphism between o*(wy/) and wy.

Let §g be the set of isomorphism classes of spin curves of genus g and let S, be
the subset consisting of classes of smooth curves. One can define a natural structure
of analytic variety on S, (see [§], §5) in such a way that for any spin curve X there
is a neighbourhood of [X] in S, and an isomorphism

U = By /Aut(X),

where By is a 3g—3-dimensional polydisk and Aut(X), the group of automorphisms
of the spin curve X is a finite group (see [§], Lemma (2.2)). These spaces can be
slightly generalized as follows:

Sgn = {l(C,p1,...,pn; )] 1 (Cyp1, ..., py) is a genus g

quasi-stable projective curve with n marked points;
C is a line bundle of degree g — 1 on C having
degree 1 on every exceptional component of C, and
a: (®? — we is a homomorphism which is
not zero at a general point of every non-exceptional
component of C}.

Analogously to gg, these spaces are normal projective varieties of complex di-

mension 3g — 3 + n with finite quotient singularities. We point out the following
fact.

Lemma 1. Let Pic(S,,,) := HY(Sy.n, O%). There is a natural isomorphism
Pic(Sy,) ®Q = Asg-14n(Sgn) ® Q.

Proof. Since S, ,, is normal (see [§], Proposition (5.2)), there is an injection:

Pic(gg,n) - A3gf4+n(§g’n)-
Moreover, from the construction of S, it follows that the singularities of S, ,, are
of finite quotient type, so every Weil divisor is Q-Cartier and there is a surjective
morphism:
PiC(ngn) ® @ - A39_4+R(Sg,n) ® @

Hence the claim follows. (I

When n = 0, it is also possible to give a more precise description of of Pic(S,)®Q.
To this end, recall that §g is the disjoint union of two irreducible subvarieties g;
and ?; which consist of the even and the odd spin curves of genus g (see [§],

Lemma (6.3)), respectively. The following crucial result was obtained by John
Harer via geometric topology (see [20], Corollary 1.3).
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Theorem 2. Let M[e] denote either ?;ﬁSg or S, NS,. Then Pic(M,y[e]) ©Q :=
HY(M,[e], 0*) ® Q has rank 1 for g > 9.

For any family f : X — S of spin curves, My := det Rf.(; is a line bundle on S.
Let M denote the corresponding line bundle on §g associated to the universal family
on §g (as usual, note that for g > 4 the locus of spin curves with automorphisms
has complex codimension > 2). Let ut (resp. p~) be the class of M in Pic(gz;)
(resp. Pic(S, ). The boundary 8S, = 54\ S, is the union of irreducible components
Af, B (contained in g;) and A7, B; (contained in S, ), which are completely
described in [8], §7. Let o), B, a;, B; denote the corresponding classes in
Asg—4(S,). The following result is contained in [8], Proposition (7.2).

Proposition 1. If g > 2 is odd, the classes u*, u~, al , o, 61 , B, 1 =
0,...,(9g —1)/2, are independent. If g > 2 is even, the same is true of the classes
ptouT,af e, B, i=0,...,9/2, and B;,i=0,...,9/2 — 1.

Now we are ready to state and prove a description by generators and relations
of the rational Picard group of Sy:

Corollary 1. Assume g > 9. If g is odd, then Plc( ) (resp. Pic(S )) is freely
generated over Q by the classes u*, o, B, i =0,. (g 1)/2 (resp. by the classes
pwo, o, Bi,i=0,...,(9—1)/2). If g is even, then Pic(S ) (resp. Pic(S,)) is
freely generated over Q by the classes p*, of , B, i = 0,...,9/2 (resp. by the

classes p=, o; ,1=0,...,9/2, and B; ,i=0,...,9/2—1).

Proof. By Lemma [l we may use the exact sequence
Asg—a(Sy \ Sg) = Asg-4(Sy) — Azg—4a(Sy) — 0

to conclude that Pic(S,) ® Q is generated by the generators of Az,—4(S,) together
with the set of boundary classes of S,. From Theorem 2it follows that Pic(S,) @ Q
is generated by the classes ut and p~, therefore Pic(S ¢) ® Q is generated by the
classes u™, p~ a+, o, ﬂj ,B; . By Pr0p051t10n|I|, all these classes are independent,
SO Corollary III is proved. O

4. CALCULATION OF KODAIRA DIMENSIONS

In this section, we calculate the Kodaira dimension of some spin moduli spaces.
We recall that the Kodaira dimension is an important birational invariant in the
classification of projective varieties. As a first general result, we prove the following.

Proposition 2. Fiz g and n non-negative integers, n > 2 — 2g. Any irreducible
component of Sg n 15 of general type whenever ./\/lg n 1S

Proof. Since any component of S g,n is & non-trivial ramified covering of Mg’n, then
the claim follows from [2§], Theorem 6.10. O

In particular, S, is of general type for g > 24. When n > 1, Logan determines
in [26] integers 7(g), g > 2, such that M, , is of general type when n > 7n(g). As
pointed out in Section Bl when g = 0, spin moduli spaces are rational since they
are isomorphic to ﬂo,n. To tackle the genus one case, we first need to compute the
Kodaira dimension of Mj ,,, which does not seem to be thoroughly dealt with in
the literature. It turns out that x(Mj ,) varies with the number of marked points.
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As proved in [B], the moduli space of n-pointed genus 1 curves is rational for
n < 10, hence k(M;,) = —oo. To compute the Kodaira dimension for n > 11,
we first need to express the canonical divisor Kz, —in terms of generators of the

rational Picard group of Mlﬁn. We briefly recall such generators and some of their
relations: for more details the reader is referred, for instance, to [2].

As usual, we denote by A the first Chern class of the Hodge bundle whose fiber
over the element [C;p1,...,p,] € My, is H*(C,we), where we is the dualizing
sheaf of C. Next, we denote by v;, 1 < ¢ < n, the first Chern class of the line
bundle whose fiber over [C;p1,...,py] is the cotangent space of C' at the (smooth)
point p;. Finally, we denote by d;, and dy s the classes corresponding to boundary
divisors. Here §;, is the (rational) Poincaré dual of the locus of curves with one
non-disconnecting node and n marked points. The class dg g, |S| > 2, corresponds
the locus of curves with a disconnecting node whose removal creates two connected
components: one of genus 0 with the marked points labelled by the elements of S
and the other one of genus 1 with the marked points labelled by the elements of S¢.
Last, note that by x,, and K,,, m > 1, we mean the Mumford classes as described
in [3].

We finally recall that Pic(ﬂg)n) ® Q is isomorphic to the Picard group of the
moduli stack of n-pointed genus g stable curves. We shall first compute the canon-
ical class of this stack so as to deduce Ky, .

Proposition 3. For any non-negative integer n > 3,
3) Kz, = (n—=1)A+ (n—3)00(1,..n)
(4) + > (IS] = 2) do,s-

1S|>2  ,S#{1,...,n}

Proof. Suppose p : C — B is a family of n-pointed genus 1 curves over a smooth base
B and with general smooth fiber. Let oq,...,0, denote the n canonical sections
and define D to be the sum of the divisors corresponding to them. As in [21], we
apply Grothendieck-Riemann-Roch Theorem to the bundle Q}: / 5(D)®we,p, where

Qé p is the sheaf of relative Kéhler differentials and we,p is the relative dualizing
sheaf of p. Therefore,

(5) K = c(p(Q5(D)®@we/p))
= . (TAY(98)5) + cha(% (D) © weyp))
+ P (TdY(Qé/B)Chl(Qé/B(D) ®WC/B)) ;
where Td}/ and ch; denote the degree j term of the Todd class T'd" and of the

Chern character ch, respectively.
If n is the class of the locus of nodes of fibers of C over B, we have

1
TdY(Q(lz/B) = _§CI(WC/B)a

1
ng(Qé/B) BT (cH(weyB) +1n) -
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Analogously,
ch1(Q¢,p(D) @ weyp) = c1(wey (D)) + c1(we) ),

1
ChQ(Qé/B(D) ®we/p)) = 56%(WC/B) -

+ex(wess(D)er(wesp) + o lwes(D)).

By the definition of x; and K;, we have

1 1
K = Eﬁ1 + §p* (cl(wc/B(D))Cl(WC/B))

11 1
(6) - EP*(U) + 5&1.

On the other hand, by [4],

K1 =K1+ Z (o
i=1
and
1 1 n
3P (c1(we/B(D))er(weB)) = 3Ft > i
i=1

Therefore, by Example 2.1 in [6], we have

(7) K=13A+Y ;-2

i=1
where

§:=0ir+ > dos

|S|=2
sSc{1,..., n}

Moreover, in genus 1 (see [3]), this can be rewritten as

K=m-1)A+ Y (IS|—2)dos.

Since the map from the moduli stack of n-pointed, n > 3, genus 1 curves to the
(coarse) moduli space is ramified along the divisor & 1, .. »}, the claim follows. [

.....

Remark 1. When g = 1 and n = 1, the (coarse) moduli space is isomorphic to P!,
so the canonical class is known. When ¢ = 1, and n = 2, then () simplifies to
—9A. Analogously to the case n > 3, the canonical class is =9\ — dg 1 2}

Remark 2. In [26], a formula for the canonical divisor of M, is given. The
proof relies on the corresponding formula for ng, the canonical divisor of Mg,
obtained in [22] only for g > 2 via Grothendieck-Riemann-Roch Theorem. To the
authors’ knowledge, an analogous formula in genus 1 is not explicitely stated in the
literature.

We can now complete the computation of K(WL,L) for each n > 1. In fact, the
following holds.
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Theorem 3. We have
0, n =11,

i) = {

) iy

Proof. By Proposition [3] Kﬂl,u is an effective divisor, hence x(M;j 11) > 0. On
the other hand, M 11 is birational to a hypersurface X of (P2)6 of multidegree
(3,...,3) (see Remark 1.2.4 in [5]). By adjunction, we obtain that K is trivial. In
order to compute the Kodaira dimension of X, let f : Y — X be the normalization
map. We have Ky = f*Kx — A, where the conductor A is an effective divisor. It
follows that (M 11) = k(X) = k(Y) <0, so the case n = 11 is over.

Next, again by Proposition [3] Kﬂm ,n > 12, is the sum of two effective divisors,
ie, L:=(n—11)\ and

E:=(n—3)d1,..ny + Z (IS —2) do,s-

15122, 5Z(1,...,n}
Sc{1,...,n}

Therefore, the Kodaira dimension of Ml,n is greater than or equal to the litaka
dimension of the divisor L. On the other hand, let

(8) T My — Mg
be the morphism which forgets the last n —1 points and passes to the stable model.
If Ay denotes the first Chern class of the Hodge bundle on M, ;, then we have
A = 7*(A\1) (see for instance [2], (6)). Moreover, since A\; is ample on M 1, we
obtain o o
I‘E(Ml,naL) Z I‘E(Ml,la (n — 11))\1) =1.

This proves that k(M ,) > 1. However, the fiber of [C;p] € M, under 7 can be
viewed as the quotient by a finite group of an open Zariski subset of the product

Cx...xC |,

—_——

(n — 1) times
hence x(7~1([C;p])) < 0. By Theorem 6.12 in [28], it follows that

K(Min) < w(r7H((C;p]) + dim(My ) < 1.

Thus the claim is completely proved. ([
Corollary 2. For anyn > 1, ﬂl’n is never of general type.

Next, we turn to moduli spaces of pointed spin curves of genus 1. Recall from
Section B that S7, is the compactification ¢ la Deligne-Mumford of the moduli
space of m-pointed smooth elliptic curves with a theta-characteristic. Note that

glm is the disjoint union of gin and gin, which correspond to even and odd
theta-characteristics, respectively. However, since over an elliptic curve there is
only one odd theta-characteristic (namely, the structural sheaf), there is a natural

. R . =+
isomorphism S, ,, & M ,. From now on, we thus focus our attention on S, ,,.

In order to prove that K(gin) = —oo for n < 10, we are going to show that gin
is uniruled whenever Mlm is. Indeed, the following holds.

Lemma 2. Letp: gin — Ml,n denote the natural projection. If C' is a rational

curve in My, then there exists a rational curve D in gin such that p(D) = C.
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Proof. The proof is by induction on n.

If n = 1, then we have Mlm =~ P! and ?In >~ P! so in this case the stated
property is obvious.

Assume now that n > 1. It is easy to check that

=+ i =+
Sl,n = Ml,n Xﬂl‘n—l Sl,n—l'

Therefore, we have the following commutative diagram:

_+ _
S, —— M

)

.

Stne1— = Mina

g9

DiAGRAM 1. Uniruledness of spin moduli spaces for g = 1,n < 10.

In Diagram 1, f exists by hypothesis and g exists by the inductive assumption (just
note that 7o f(P') is not a point since the fibers of 7 do not contain rational curves).
Hence the claim follows from the universal property of the fibered product. (Il

Finally, we consider the case n > 12.
Proposition 4. Letn > 12 be a non-negative integer. Then the Kodaira dimension
of ?In is 1.
Proof. Since the natural projection
_+ RN

p:Sy, — Min
is a surjective map between normal varieties of the same dimension, it follows that

_Jr RN

H(Sl,n) 2 H(leﬂ) =1

(see [28], Theorem 6.10).
On the other hand, the fiber of the forgetful map

<+ =+

S in S 1,1
is precisely the same as that of the morphism (§). Hence, exactly as in the proof
of Theorem [3] we can deduce that

K(Sy,) <0+dim(S; ) < 1.
Thus the proof follows. O
By the same arguments as in Proposition @l we get the estimate
0<r(S14y) < 1.

Another reason why Ks(gin) > 0 is given by the following result.

Proposition 5. There exists a non-zero holomorphic form of degree 11 on ?in,
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Proof. Since the natural projection
_+ RN
p : S]’n — Ml,n

is a surjective map between normal varieties of the same dimension, the induced
map

— =+
P HY (M, Q) — HO(SY,, Q)
is injective. O
We end this section with a couple of natural questions.

. L . =+
Question 1. Is the Kodaira dimension of S ; zero?

Question 2. Is any irreducible component of gg,n unirational whenever the corre-
sponding moduli space M, is?
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